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ABSTRACT : The theoretical and experimental analysis for the determination of heat 
transfer coefficient is mostly based on metallic oxide nanofluids by different investigators. 
Information regarding the properties at different volume concentration and temperature is 
required for the estimation of heat transfer coefficient. The two most important properties 
which are experimentally determined are viscosity and thermal conductivity. Investigators 
have been estimating the properties of metallic oxide nanoparticles at different ambient 
temperatures and with different base liquids. The present work is an attempt to analyse the 
available data and obtain a single linear regression equation for the estimation of thermal 
conductivity of water based nanofluids considering particle size, volume concentration and 
temperature useful for designer. It has been observed that the ratio of heat capacities of the 
nanoparticle to nanofluid has a profound influence on the values of thermal conductivity. The 
equation could predict the values of thermal conductivity ratio of ZnO nanofluid satisfactorily. 
The inclusion of heat capacity ratio term in the regression equation has vastly improved the 
predictability of thermal conductivity of water based nanofluids. 
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INTRODUCTION 

The estimation of experimental nanofluid thermal conductivity at different volume 

concentrations is done using the principle of heat conduction under steady or transient 

state. The determination of thermo-physical properties and especially thermal conductivity is 

important for evaluating heat transfer coefficients either for single or two phase flow. With 

limitations for the prediction of thermal conductivity from theory as of now, 

experimental data of various investigators for water based Alp3 and CuO nanofluids is 

subjected to regression. Equations for the determination of thermal conductivity are 

developed as a function of percentage volume concentration, temperature and sometimes 

with the consideration of particle size valid in the experimental range. However, no single 

equation is available to predict the thermal conductivity of oxide nanofluids covering the 

entire range of experimental data considering all the variables involved. 

The different models for the determination of effective thermal conductivity of two phase 

solid-liquid mixtures are based on the classical analysis of Maxwell (1881) and form the 

basis for the determination of nanofluid thermal conductivity. Various theoretical models 

are since being developed to predict the thermal conductivity of nanofluids. Even though 

nanoparticles are many orders smaller, suitable terms are included in the Maxwell's model 

by the investigators to take into consideration the dynamic factors associated with 

nanofluids. The contributions of different investigators for the determination of effective 

thermal conductivity of two phase metal and metallic oxide mixtures often repeated in 

literature are presented. 

Maxwell (1881) 

K = K [ KP + 2Kbf + 2 </J (KP - Kbf )] 
•ff bf 

KP + 2Kbf - <P ( KP - K bf) 
(1) 

The model predicts satisfactorily for spherical shaped particles at low volume concentration 

rp and at ambient conditions. 

Bruggemen (1935) 

The effective thermal conductivity of solid-liquid mixtures taking into account the 

interactions among the randomly distributed particles with no limitation on the particle 

volume concentration has been proposed by Bruggeman (1935) in implicit form given by 

equation (2): 
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IK -K I IK -K I <P P •ff + (1-<P) bf •ff = 0 
KP+ 2K,ff Kb1+ 2K .. ff 

(2) 

where K,ff is estimated with Eq. (1) and K .. ff is the net effective thermal conductivity of the 
two phase fluid which is to be determined. 

Hamilton-Crosser (1962) 

(3) 

where the empirical shape factor 'n' defined by n = 3/1/J and 1/J is the sphericity defined as 
the ratio of the surface area of a sphere with the volume equal to that of the average particle. 
The Hamilton-Crosser model reduces to Maxwell model when 1/J = 1 and is found to be in 
agreement with experimental data for <P < 30 %. The model is valid as long as the 
conductivity of the particles is larger by a factor of 100 than the conductivity of the 
continuous phase. All these models are basically applicable for micro/millimetre sized 
particles suspended in base fluids. As the influence of particle size is not included in the 
analyses, the thermal conductivity of the nanofluid predicted by these models deviate from 
the experimental values. 

Pak and Cho (1998) 

The experiments by Pak and Cho (1998) may be considered as a pioneering work in 
estimating the properties of Alp3 nanofluid for the determination of heat transfer 
coefficients in the turbulent range, A regression equation has been presented by them for 
the determination of thermal conductivity valid for volume concentration of <P < 3 .0 % given by 
equation (4) 

(4) 

Yu and Choi (2003) 

A modified model of Maxwell is proposed by Yu and Choi (2003) . to predict the effective 
thermal conductivity of nanofluids. They assumed that the base fluid molecules are close 
to the surface of the nanoparticles to form a solid like layered structure having thermal 
conductivity higher than that of the base fluid. They combined the thermal conductivities of 
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the solid particles and the nanolayer to arrive at equivalent thermal conductivity of particle 

given by 

[ r{ 2 (1-y) + (1 + /3)3 (1 + 2y)}I 
K -K 

pe- P -(1-y) + (1 + ,8)\1 + 2y) 
(5) 

where y is the ratio of thermal conductivity of the layer to that of particle and ,8 is the ratio of 

nanolayer thickness to the particle radius. The layer thermal conductivity varies in the range 

of 10 ~, to 100 Kbf and thickness of 1 to 2 nm. The nanofluid thermal conductivity can be 

estimated from equation (6) with the aid of equation (5) 

(6) 

Das et al., (2003) 

Lee et al., (1999) conducted experiments for the determination of thermal conductivity in 

water and ethylene glycol (EG) with Alp3 and CuO nanoparticles of sizes 38 and 24 nm 

respectively. The experimental data with Alp/water and Alp/EG is observed to be in 

close agreement, whereas CuO/water and CuO/EG nanofluids showed higher values when 

compared with Hamilton-Crosser model. They reasoned for obtaining lower values of thermal 

conductivity with Al20/water due to larger particle size of 38 nm used when compared with 

the values of Masuda et al., (1993) who used 13 nm size particles. However, the deviation 

of experimental values of CuO nanofluids when compared with Hamilton-Crosser could not 

be explained. 

Das et al., (2003) reasoned that the agreement between the data of Lee et al., (1999) for 

Alp/water with Hamilton-Crosser model is purely accidental due to agglomeration of the 

nanoparticles. In order to explain the deviation of CuO nanofluids with Hamilton

Crosser model, they conducted experiments at different temperatures with 29 nm CuO 

nanoparticles in water. They observed the thermal conductivity of CuO/water nanofluid to 

increase from 2 to 10.8 % at 1 % volume concentration and 9.4 to 24.3 % at 4 % volume 

concentration measured at temperatures between 21 and 55 °C. They reasoned that 

Hamilton-Crosser model is insensitive to temperature and thus showed the dependence of 

nanofluid thermal conductivity on temperature and volume concentration. 
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Koo and Kleinstreuer (2004) 

They proposed a model to determine the effective thermal conductivity of nanofluid as the 
sum of Maxwell's model and a term due to Brownian motion. It takes into account the effect of 
particle size, volume concentration, temperature and properties of base fluid as well as 
nanoparticles subjected to Brownian motion given by equation (7) 

K = K I KP+ 2Kbf- 2(Kbf- KP) <P] + 5 x 104 /J <P Pb c b J(T,<P). ,-;;;: 
nf bf KP+ 2Kbf+ (K bf- K)<P if pif v ~ (7) 

where /J represents the fraction of the liquid volume which travels with a particle and 
decreases with particle volumetric concentration because of the viscous effect of moving 
particles. They introduced an empirical equation tor f ( T,e.) using the experimental data of 
Das et al., (2003) for CuO nanofluids given by equation (8) 

f(T,,P) = (-6.04 <P+ 0.4705)T+ (1722.3,P-134.63) (8) 

which is valid in the range of 1 % < <P < 4 % and 300 < T < 325 K. Regression equation for 
the estimation of /J proposed by them is given in Table 1. 

Table 1. Value of fJ to be used with Equation (7) of Koo and Kleinstreuer (2004) 

Concentration in 
Type of particles /3 

% 

Au-citrate, 
0.0137(100 0)"0·8229 0 <1 % 

Ag-citrate and CuO 

CuO 0. 0011(100 0)"0·7272 0 >1 %% 

Al203 0.0017(100 0)"0·0841 0>1%% 
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Chon et al., (2005) 

An empirical correlation for the determination of thermal conductivity of Alp3 nanofluid with 

their experimental data has been proposed by Chon et al., (2005) given by equation (9) 

__.!1_ = 1 + 64.7</J o.14flJ J -1'... PrbJ°99ss Re 1.2321 k ( d )0.3690 ( k ) 0.7476 

kb! dp kbf 
(9) 

P. KT 
where db1 is the molecular diameter of the base fluid, Re= bf 8 

, tbJ is the mean free path 
31r~ibf 

for water and K8 is the Boltzmann constant used in their analysis. 

Xue and Xu (2005) 

Xue and Xu (2005) developed an implicit relation for the determination of copper oxide 

nanofluid in water and ethylene glycol, based on a model that nanoparticles have shells 

between the surface of the solid particle and the surrounding liquid given as in equation (1 O) 

(1-±)[ Knf-Kbf +!!_(K.1-KJ(2Ki+kp)-w(Kp-KJ(2K;+knf)]-o (10) 

w 2K.1+ Kb! w(2Knf+ kJ (2K;+kJ +2w(KP-KJ (K; - k) -

where w = [ r P / ( rp + t)] 3 is the thermal conductivity of the interfacial shell, r Pis the radius of 

nanoparticles and 't' represents the thickness of the shell which is different for different 
nanofluids. 

Prasher et al., (2006) 

The combined Maxwell-Garnett conduction model and the convection caused by the 

Brownian motion of the suspended nanoparticles is said to be responsible for thermal 

conductivity enhancement of nanofluids by Prasher et al., {2006). Based on the model, they 

proposed an equation for thermal conductivity ratio given by equation (11) 

-= 1+4x 10 Re Pr </) 
k,J ( 4 m 0_33 )[{k/1+2a.)+2km}+2</J{k/1-U)-km}l 

kbf bf {k/1 + 2a.) + 2kJ- </J{k/1 -Cl.)- kJ 

{11) 
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where 

m = 2.5 ± (15% of 2.5) for water based nanofluids 

m = 1.6 ± (15% of 1.6) for ethylene glycol based nanofluids 

m = 1.05 ± (15% of 1.05) for oil based nanofluids 

km = kb1 ( 1 + 0 .25 Re Pr) is the matrix conductivity 

Re=~ vl8KT is the Brownian-Reynolds number 
:,rpip 

a= 2Rbkm I dP nanoparticles Biot number 

Rb - interfacial thermal resistance between nanoparticles and different fluids 

Li and Peterson (2006) 

The effects of variations in temperature and volume fraction on thermal conductivity of 
copper oxide and aluminum oxide nanofluids have been investigated experimentally by 
Li and Peterson (2006). The experiments were conducted with nanoparticles of average 
size of 29 and 36 nm respectively of CuO and Alp3, temperatures ranging from 27.5 to 
34.7 °Cat 2 %, 4 %, 6 %, and 10 % volume fractions. They reported that the nanoparticle 
material, diameter, volume fraction, and bulk temperature to have a significant impact on the 
effective thermal conductivity of these suspensions. A two-factor linear regression analysis 
for the estimation of thermal conductivity ratio based on the temperature and volume fraction 
is presented for aluminum oxide and copper oxide nanofluids respectively as (equations 12a 
and 12b) 

k 
k,= / = 1.0 + 3.761088 </> + O.o17924 T- 0.30734 

w 

(12a) 

k 
k,= ;' = 1.0 + 0.7644815 </> + 0.018689 T- 0.46215 (12b) 

w 
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Jang and Choi (2007) 

The proposed theoretical model involves four modes, contributing to the energy 

transfer which is responsible for enhancement of thermal conductivity of nanofluids. The first 

mode is collision between the base fluid molecules, the second is the thermal diffusion in 

nanoparticles, the third is the collision of nanoparticles with each other due to Brownian 

motion and the fourth is collision between base fluid molecules and nanoparticles by 

thermally induced fluctuations. The equation for determining effective thermal conductivity of 

nanofluid is given by equation (13) as 

where 

C=18xl06 • 
I ' 

CRMd Re = __ P. 

dp v ' 

(13) 

p1 = O.Ql is a constant considering the Kapitza resistance per unit area. The equivalent 

diameter; db,= 0.384 and mean free path; tb, = 738 nm at 300 K, for water based nanofluids. 

Vajjha and Das (2009) 

Vajjha and Das (2009) measured the thermal conductivities of aluminum oxide, copper oxide 

and zinc oxide nanofluid with nanoparticles dispersed in the ethylene glycol (EG) and water 

in the ratio of 60:40 by mass. They conducted experiments in the temperature range of 298 

to 363 K and up to 10 % volume concentration and developed a relation for the estimation of 

nanofluid thermal conductivity as presented in equation (14) 

(14) 

The values p2 of can be obtained from Table 2. The experimental data is subjected to 

regression to include the dependence of temperature and concentration on thermal 

conductivity as in equation (15) 
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-2 - 3 {. T ) f(T,tp) = (2.8217 x 10 ¢+ 3.917 x 10 \~ 

- 2 - 3 + (-3.0669 x 10 ¢- 3.91123 x 10 ) (15) 

Table 2. Value of p2 to be used with Equation (14) of Vajjha and Das (2009) 

Type of particles f32 Concentration Temperature 

Al2Q3 8.4407(1004> )-' 07304 I% s (j> s I 0% 298K s T s 363K 

ZnO 8 .4407 (1 OO(j> )-L07304 l o/o s (j> s 7% 298K s T s 363K 

CuO 9.881(1004> )-°9446 1% s </> s 6% 298K s T s 363K 

Murshed et al. (2009) 

Murshed et al., (2008) solved the steady state heat conduction equation with appropriate 
boundary conditions in cylindrical and spherical coordinates and compared the results with 
their experimental data for li02, Al in ethylene glycol, Alp3 in water and CNT in engine oil 
and showed satisfactory agreement with their theory. Later they (2009) included the dynamic 
Brownian motion to the static conduction model for deriving the equation for effective thermal 
conductivity of nanofluid, which has the flexibility to be reduced to Maxwell equation in the 
absence of interaction between the particle and interfacial layer and to that of base liquid in 
the absence of nanoparticles. 

Mintsa et al. (2009) 

Experiments to estimate the thermal conductivity of nanofluids in the temperature range of 
20-50 °C and up to 18 % volume concentration of alumina/water and copper oxide/water 
nanofluids has been undertaken by Mintsa et al., (2009). They observed that particles with 
smaller size yielded higher thermal conductivities and the difference increased with increase 
in temperature. Linear regression equation as a function of volume concentration for alumina/ 
water developed by them is given by equation (16) 

kn/ 
y= 1.0 + 1.72 [¢] (16) 

w 
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They however did not include the effect of temperature and particle dimension to determine 

their influence on thermal conductivity. 

DATA ANALYSIS 

Efforts to estimate thermal conductivity of suspended solid particles in liquid has been a 

subject of interest Maxwell (1881 ), Bruggemen (1935), Hamilton-Crosser (1962), Pak and 

Cho (1998), Yu and Choi (2003), Das et al., (2003), Koo and Kleinstreuer (2004), Chon et al., 

(2005), Xue and Xu (2005), Prasher et al., (2006), Li and Peterson (2006), Jang and Choi 

(2007), Vajjha and Das (2009), Murshed et al., (2009), Mintsa et al., (2009), Sharma et al., 

(2009). 

Pak and Cho (1998) have presented a regression equation for the determination of 

thermal conductivity as a function of volume concentration, while Koo and Kleinstreuer 

(2004) improved the Maxwell theoretical model and introduced functional dependence on 

volume concentration and temperature, based on Brownian motion. Chon et al., (2005) 

included volume concentration and thermal conductivity ratio of the particle to the base 

fluid in their equation. The effect of temperature is indirectly included through the Prandtl 

number, however the value of its index obtained by them is close to unity. The dynamic 

motion of the nanoparticles is incorporated through the Reynolds number which 

includes the mean free path of water. Prasher et al., (2006) has introduced various 

non-dimensional terms for the determination of thermal conductivity in his equation. Xue 

and Xu (2005) developed an implicit relation based on a model that nanoparticles have 

shells between the surface of the solid particle and the surrounding liquid. It can be 

observed that different models have been developed to determine the thermal 

conductivity of nanofluids with the consideration of Brownian motion or with the concept 

of an interface between the surface of the particle and the liquid. Certain models include 

parameter such as mean free path of water used in the process of obtaining 

dimensionless terms. 

Experimental studies resulted in the development of regression equations which are 

specific to the nanofluid in the experimental range conducted. Also, the experimental data 

obtained could not be compared with that of others for the reason that the particle size or 

temperature range and or the base liquid could be different, making it difficult to understand 

the reasons for deviation in the values obtained. Most of investigators have developed 

different equations for Alp3 and CuO nanofluids in water as a function of either volume 

concentration or temperature or both. It is fairly established that the thermal conductivity 

of nanofluids is dependent on volume concentration, temperature and the particle size. A 

regression equation has been developed based on the available experimental data on A1p3 
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and GuO nanofluids with 191 experimental values, taking into consideration the particle size, 
temperature and concentration applicable for a wide range of operating parameters given by 
equation (17) 

k, = k.J = 0.9808 + 0.0142 [¢] + 0.2718 [T"1l- 0.1020 [ ~1 
kw 70 150 

(17) 

valid in the range of 13 < d < 150 nm , 0 < <P< 20 %, 20 < T.1< 70 and obtained with AD of 2.8 % 
and SD of 3.5 %. A plot between the thermal conductivity ratio and temperature for different 
particle diameters is shown in Figure 1. It is observed, that the experimental data could not 
be predicted with Eq. (17) closely. Hence the data is further investigated to determine the 
parameter influencing the thermal conductivity of nanofluid. 

Normally, the density of a material decreases with the increase in size due to voids. 
How~ver, Mintsa et al., (2009) have stated that the density of Al20 3 nanoparticles of 36 nm 
size is 3600 and 3880 kg/m3 for 47 nm size particle indicating that the density increases with 
particle size. The density of the particle at other sizes is not available, a non-linear regression 
equation for estimation of density at any particle size is developed assuming the particles 
will attain a value of 4100 kg/m3 that of solid at 150 nm. The specific heat of bulk A1p3 

material is considered as the specific heat of the nanoparticles. The density of 29 nm Guo 
nanoparticles is taken from Mintsa et al., (2009) as 6500 kg/m3 and specific heat as 531 J/kg 
K for consideration in the analysis. The heat capacity of the nanofluid is estimated from the 
law of mixtures using the equations available in literature. Hence, considering the ratio of 
nanoparticles to nanofluid heat capacity, the experimental data is subjected to regression 
analysis. The equation obtained is: 

k, = knf = 0.786 + 0.019 [tp] + 0.266 [T·1] - 0.1061~1 + 0.249 [((pC)\] (18) 
k 70 150 pC nf w 

with AD of 2.8 % and SD of 3.5 %. Sarma et al., (2009) developed a single equation for the 
determination of Nusselt number for Al20 3 and GuO nanofluids making use of the published 
data earlier. 

RESULTS AND DISCUSSION 

The experimental values of thermal conductivity available in open literature for Alp/ 
water and GuO/water nanofluids is plotted in Figure 1 with temperature for different particle 
diameters. Figure 2 is drawn for the same parameters as shown in Figure 1 however with 
the consideration of heat capacity ratios. The inclusion of heat capacity term in the regression 
analysis has yielded the prediction of the experimental data well encompassing the entire 
range of particle diameters, temperature range of experimentation with more generality into 
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the gamut of experimental data. A comparison of Figures 3 and 4 brings out the influence 

of heat capacity ratio on thermal conductivity ratio shown along with the data of Mintsa et 

al., (2009) for Alp/water nanofluid. The effect of particle diameter on thermal conductivity 

ratio is shown in Figures 5 and 6. It is evident from the experimental data that the particle 

diameter shows considerable influence on thermal conductivity and decreases with increase 

in diameter. However, it can be observed that the thermal conductivity ratio decreases to 

a value less than one with increasing values of particle size. This might be due to the use 

of the data given by Mintsa et al., (2009) between particle size and density used in the 

regression analysis which is in contradiction to the values of the densities 3205, 3008 and 

3076 kg/m3 respectively for 38, 50 and 80 nm size of particles reported by Risha et al., (2007). 

Further, at a particular particle diameter, the thermal conductivity increases with increase in 

temperature as shown in the Figures 5 and 6 for 20 and 40 °C. The thermal conductivity 

data in the widely used particle diameter is in the range of 29 - 47nm and for a wide range 

of nanofluid volume fraction is shown encompassing the entire experimental data in Figure 

8 for heat capacity ratio term HR= 0.5 in comparison with Figure 7 where the heat capacity 

term in the thermal conductivity equation is ignored. 
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In order to show the significance of heat capacity ratio term HR and the applicability of the 

equation for water based nanofluid, the experimental data of Vallha and Das (2009) for ZnO/ 

EG-water based nanofluid is shown in Figure 10 for different particle diameters, volume con

centration of the nanofluid and temperature. The data is chosen as it is obtained for a wide 

range of temperatures, particle diameter and volume concentration, conducted with 60:40 

EG/W base fluid. The trend exhibited by the experimental data is in satisfactory agreement 

with the values predicted by Eq. (18). There is a sharp contrast in Figure 9 drawn using 

Eq. (17) where the heat capacity term is not considered. The deviation of the experimental 

data can be attributed to the variation in particle density and the effect of specific heat with 

temperature. Thus, the objective of bringing out the significance of heat capacity ratio in the 

estimation of thermal conductivity ratio is achieved. Further investigation to substantiate the 

influence of these parameters on thermal conductivity is being carried out. 
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Figure 9. Comparison of thermal conductivity ratio estimated with Eq. (17) with 
experimental values for ZnO nanofluid with 60:40 EG/W base fluid for different q, 
and particle diameters 
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Figure 10. Comparison of thermal conductivity ratio estimated with Eq. (18) with 
experimental values for ZnO nanofluid with 60:40 EG/W base fluid for different 
and particle diameters for HR = 0.9 
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CONCLUSIONS 

The following conclusions are drawn from the present study 

(a) The thermal conductivity of nanofluid is dependent on volume fraction, 

diameter of the nanoparticles, temperature of the nanofluid and ratio of heat 

capacity of the particle to nanofluid. 

(b) The heat capacity term included in the regression equation 

predicts thermal conductivity better based on the observations 

made with Alp3 water and CuO/ water experimental data. 

(c) The variation of particle density with size, specific heat of nanoparticles, size 

distribution has an influence on the thermal conductivity of nanofluid. 

This might be the reason for the deviation between the values obtained by different 

investigators. 
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NOMENCLATURE 

d diameter 

k Boltzmann constant 

K thermal conductivity 

km mean thermal conductivity 

r ratio of thermal conductivity of the layer to that of particle 

<P volume concentration in percentage 

Subscripts 

bf base fluid 

eff effective 

nf nanofluid 

p particle 
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